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1. INTRODUCTION
w x  .The classical Hardy inequality 3 states that for f x G 0 and p ) 1,
p
‘ x ‘1
p pf t dt dx F q f t dt , 1 .  .  .H H Hx0 0 0
p .where q s is the best possible constant. In view of the usefulness ofp y 1
this inequality in analysis and its applications, it has received considerable
attention and a number of papers have appeared which deal with its
w xvarious generalizations and applications; see, for example 1, 3 , and the
xreferences cited therein .
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2. MAIN RESULTS
Our results are the following:
1 1 1LEMMA 2.1. Let 0 - b F ‘, p ) 1, q s 1 y , f G 0, r ) 1, andp q r
b p .  .0 - H f t dt - ‘. Then there exists a real number x g 0, b such that for0 0
 .any x g x , b , the following inequality is true:0
1rq 1rpx x1 21r q 1r1y1r r .q 1r1y1r r .q pf t dt - q 1 y x t f t dt . 2 .  .  .H H / /r0 0
 .Proof. Let x g 0, b . Then by Holder's inequality we have
x x
1r1y1r r . p q y1r1y1r r . p qf t dt s t f t t dt .  .H H
0 0
1rp 1rqx x
1r1y1r r .q p y1r1y1r r . pF t f t dt t dt .H H /  /0 0
1rq 1rpx1 21r q 1r1y1r r .q 1r1y1r r .q ps q 1 y x t f t dt . 3 .  .H / /r 0
 .We need to show that there exists a real number x g 0, b such that for0
 .  .any x g x , b , equality in 3 does not hold. Otherwise, there exists0
 .  .x s x g 0, b , where n s 1, 2, . . . , x › b such that 3 becomes an equal-n n
wity. Then there exist c and d which are not always zero, and make 4,n n
xp. 29
p q1r1y1r r . p q y1r1y1r r . p qw x w xc t f t s d t , a.e. in 0, x . .n n n
 .  .Since f t / 0 a.e. in 0, b , there exists an integer N such that for n ) N,
 .  .f t / 0 a.e. in 0, x .n
Thus for both c “ c / 0 and d “ d / 0 for n ) N, we obtainn n
xb np pf t dt s lim f t dt .  .H H
n“‘0 0
x y1r1y1r r . pd tn
s lim H 1r1y1r r .qc tn“‘ 0
xd n yw1r1y1r r . pq1r1y1r r .q xs lim t dtHcn“‘ 0
xd dtn
s lim s ‘.Hc tn“‘ 0
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b p .  .This contradicts the fact that 0 - H f t dt - ‘. Hence 2 is valid and0
this completes the proof of the lemma.
1 1 1LEMMA 2.2. Let a G 0, p ) 1, q s 1 y , f G 0, r ) 1, and 0 -p q r
‘ p .  .H f t dt - ‘. Then there exists a real number x g a, ‘ such that for anya 0
x ) x the following inequality is true:0
1rq
x 1 1rq1r q 1r1y1r r .q 1r1y1r r .qf t dt - q 1 y x y a .  .H  /ra
1rpx
1r1y1r r .q p= t f t dt . 4 .  .H /a
Proof. By Holder's inequality we have
1rp 1rqx x x
1r1y1r r .q p y1r1y1r r . pf t dt F t f t dt t dt .  .H H H /  /a a 0
1rq1 1rq1r q 1r1y1r r .q 1r1y1r r .qs q 1 y x y a . /r
=
1rpx
1r1y1r r .q pt f t dt . 5 .  .H /a
 .  .We shall show that there exists a real number x g a, ‘ such that 50
does not assume equality for any x ) x . Otherwise, there exists x s x g0 n
 .  .a, ‘ , where n s 1, 2, 3, . . . , x ›‘ such that 5 becomes an equality. Byn
the same argument as in Lemma 2.1 there exists a real number c ) 0 and
N such that for n ) N,
p q1r1y1r r . p q y1r1y1r r . p qw x w xt f t s c t , a.e. in a, x . . n
Hence
x x y1r1y1r r . ptn npf t dt s c .H H 1r1y1r r .qta a
xn yw1r1y1r r . pq1r1y1r r .q xs ct dtH
a
x dtn
s c “ ‘ as n “ ‘.H ta
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‘ p .  .This is a contradiction to the fact that 0 - H f t dt - ‘. Hence 4 holdsa
true and the proof is complete.
 w x.LEMMA 2.3 Hardy 3 . For any nonnegati¤e function f and for any
m ) 0 the following holds:
m 1qmx 1b b
f x f t dt dx s f x dx . 6 .  .  .  .H H H /  /1 q ma a a
Proof. Let
x
F x s f t dt. .  .H
a
Then
F9 x s f x dx. .  .
Thus
m
xb b
mf x f t dt dx s F x dF x .  .  .  .H H H /a a a
1qm1 b
s f x dx . .H /1 q m a
This completes the proof of the lemma.
1 1 1THEOREM 2.1. Let 0 - a - b F ‘, p ) 1, q s 1 y , f G 0, r ) 1,p q r
b p .and 0 - H f t dt - ‘.a
Then
p
x1b
f t dt dx .H H1y1r r . /xa a
 .1y1rr p .1y1rr p  .1r 1y1rr q1 a
1y1r r . p- q 1 y 1 y  / /r b
b p= f t dt. 7 .  .H
a
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 .Proof. By 5 we obtain
p
x1b
f t dt dx .H H1y1r r . /xa a
prq1 1b prqpr q 1r1y1r r .q 1r1y1r r .q- q 1 y x y a .H 1y1r r . p /r xa
x
1r1y1r r .q p= t f t dt dx .H
a
prq1 b b 2pr q y1y1r r . pqpr1y1r r .qs q 1 y xH H / r a t
prq .1r 1y1rr qa
1r1y1r r .q p= 1 y dx t f t dt . / 5x
prq1 b bpr q y1y1r1y1r r .q- q 1 y xH H / r a t
prq .1r 1y1rr qa
1r1y1r r .q p= 1 y dx t f t dt . / 5b
 .pyprry1 .pyprry1  .1r 1y1rr q1 a
 pypr ry1.s q 1 y 1 y  / /r b
 .1r 1y1rr q
b b y1y1r1y1r r .q p= x dx f t dt .H H 5
a t
 .pyprry1 .p 1y1rr  .1r 1y1rr q1 a
p1y1r r .s q 1 y 1 y  / /r b
 .pyprry1 .1r 1y1rr qtb p= 1 y f t dt .H  /ba
 .pyprry1 .p 1y1rr  .1r 1y1rr q1 a
p1y1r r .- q 1 y 1 y  / /r b
 .pyprry1 .1r 1y1rr qab p= 1 y f t dt .H  /ba
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 .p 1y1rr .p 1y1rr  .1r 1y1rr q1 a bp1y1r r . p- q 1 y 1 y f t dt. .H / /r b a
8 .
This completes the proof of our theorem.
1 1 1THEOREM 2.2. Let a ) 0, p ) 1, q s 1 y , f G 0, r ) 1, andp q r
‘ p .0 - H f t dt - ‘.a
Then
p
‘ x1
f t dt dx .H H1y1r r . /xa a
 .1y1rr p
‘1
1y1r r . p p- q 1 y 1 y Q t f t dt , 9 .  .  .H p /r a
where
 .‘ kr 1y1rr q11 a1 y p ky1 .rQ t s y1 .  .p 1  / /1 y p t . k q 1r ks1
) 0 for t ) a 10 .
and
1
Q a s . 11 .  .p 11 y q .r
 .  .Proof. Applying inequalities 5 and 6 we have
p
‘ x1
f t dt dx .H H1y1r r . /xa a
prq
‘1 1 prqpr q 1r1y1r r .q 1r1y1r r .q- q 1 y x y a .H 1y1r r . p /r xa
x
1r1y1r r .q p= t f t dt dx .H
a
prq
‘ ‘1 2pr q y1y1r r . pqpr1y1r r .qs q 1 y xH H /r a t
prq1r1y1r r .q y1r1y1r r .q 1r1y1r r .q pw x= 1 y a x dx t f t dt .5
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 .pyprry1
‘ ‘1
 pypr ry1. y1y1r1y1r r .q.s q 1 y xH H /r a t
prq1r1y1r r .q. y1r1y1r r .q. 1r1y1r r .q pw x= 1 y a x dx t f t d .5
 .p 1y1rr
‘ ‘1 prqp1y1r r . 1r1y1r r .q y1r1y1r r .qw xs q 1 y 1 y a xH H /r a t
w 1r1y1r r .q y1r1y1r r .q x=d 1 y a x 5
 .1r 1y1rr qt
p= f t dt. . /a
By Lemma 2.3 we have
 .p 1y1rr
‘1 1
p1y1r r .s q 1 y H /r 1 y 1rr p .a
 .1y1rr p  .1r 1y1rr q .1r 1y1rr qa t
p= 1 y 1 y f t dt . /  / 5t a
 .1y1rr p
‘1
1y1r r . p ps q 1 y 1 y Q t f t dt , .  .H p /r a
where
 .1y1rr p  .1r 1y1rr q .1r 1y1rr q1 a t
Q t s 1 y 1 y 1 y . .p 1  /  / 51 y p t a .r
12 .
From this we easily obtain
 .1y1rr p .1r 1y1rr qa
1 y  /t
 .‘ kr 1y1rr q1 a1 y p k .rs y1 t ) a ) 0. .  / / tkks0
This completes the proof of our theorem. If t ) a ) 0, then by Bernoulli's
inequality we have
 .1y1rr p .  .1r 1y1rr q 1r 1y1rr q1 a a
1 y 1 y p - 1 y . /  / /r t t
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From this we obtain
 .1r 1y1rr q .1r 1y1rr q1 1 a t
Q t ) 1 y 1y 1y 1y p .p 1  / 5 /  /1 y p r t a .r
 .y1r 1y1rr q .1r 1y1rr q1 1 a t
s 1 y 1 y p1  / /  /1 y p r t a .r
1 1
s 1 y 1 y p1  /1 y p r .r
s 0.
 .Hence, inequality 8 is valid.
1 1 1 1 .THEOREM 2.3. Let 0 - b F ‘, s G 1 y p ) 1, q s 1 y , f Gr p q r
b ysq1y1r r . p p .0, r ) 1, and 0 - H x f x dx - ‘.0
Then
 .  .i For b g 0, ‘ , we ha¤e
p
xb ysx f t dt dx .H H /0 0
 .1y1rr p11y1r r . pq 1 y .r
- 1 1s y 1 y p 1 y q q 1 .  .r r
 .  .sy 1y1rr pq1r 1y1rr qtb ysq1y1r r . p p= 1 y t f t dt . 13 .  .H  /b0
 .In particular, when s s 1 y 1rr p we obtain
p
x1b
f t dt dx .H H1y1r r . /x0 0
 .  .1y1rr p 1r 1y1rr q1 tb1y1r r . p p- q 1 y 1 y f t dt. 14 .  .H /  /r b0
 .ii For b s ‘, we ha¤e
p
‘ x
ysx f t dt dx .H H /0 0
 .1y1rr p11y1r r . p
‘q 1 y .r ysq1y1r r . p p- t f t dt . 15 .  .H1 1s y 1 y p 1 y q q 1 .  . 0r r
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 .  .  .Proof. For case i , b g 0, ‘ , we have by 2 and Minkowskii's integral
w xinequality in Lemma 2.1 1 ,
p
xb ysx f t dt dx .H H /0 0
prq
x1 b 2pr q ysqpr1y1r r .q 1r1y1r r .q p- q 1 y x t f t dt dx .H H /r 0 0
prq1 b bpr q ysq1y1r r . py1r1y1r r .qs q 1 y x dxH H / /r 0 t
= t1r1y1r r .q f p t dt .
 .1y1rr py111y1r r . py1q 1 y .rs 1ys q 1 y p y 1r 1 y 1rr q . .r
b ysq1y1r r . py1r1y1r r .q ysq1y1r r . py1r1y1r r .q= b y t .H
0
= t1r1y1r r .q f p t dt .
 .1y1rr p11y1r r . pq 1 y .rs 1 1s y 1 y p 1 y q q 1 .  .r r
 .  .sy 1y1rr pq1r 1y1rr qtb ysq1y1r r . p p= 1 y t f t dt .H  /b0
 .This proves 13 .
 .  .For case ii , b s ‘, then by 2 and Minkowskii's integral inequality in
w xLemma 2.1 1 we have
p
‘ x
ysx f t dt dx .H H /0 0
prq
‘ x1 2pr q ysqpr1y1r r .q 1r1y1r r .q p- q 1 y x t f t dt dx .H H /r 0 0
prq
‘ ‘1
pr q ysq1y1r r . py1.r1y1r r .q 1r1y1r r .q ps q 1y x dx t f t dt .H H / /r 0 t
 .1y1rr p11y1r r . p
‘q 1 y .r ysq1y1r r . p ps t f t dt. .H1 1s y 1 y p 1 y q q 1 .  . 0r r
 .This proves 15 and the proof of the theorem is complete.
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Remark 2.1. If we let r “ ‘ in Lemmas 2.1 and 2.2 and Theorems 2.1
and 2.2, then our results reduce to the corresponding Lemmas 2.1 and 2.2,
w xand Theorems 2.1 and 2.2 obtained in 2 .
 .  .  .Remark 2.2. In the limits a “ 0 and b “ ‘, 7 , 9 , and 14 reduce to
 .  .  . w x2.5 , 2.6 , and 2.9 in 2 , respectively.
 .Remark 2.3. In the limits a “ 0, b “ ‘, and r “ ‘, 7 reduces to the
 .  .classical Hardy's inequality 1 . This implies that 9 is a generalization of
 .  .  .  .  .1 and so are 9 and 14 , respectively. Thus 7 is an improvement of 2 .
1 .  .  .Remark 2.4. When s s 1 y p and r “ ‘, 15 reduces to 1 . Thusr
 .  .  .15 and 13 are also generalizations of 1 .
 .Remark 2.5. If we let r “ ‘ in 15 , then we shall obtain the following
useful inequality:
p p
‘ x ‘q
ys ysqp px f t dt dx - t f t dt , s ) 1. .  .H H H / s y p q q 1 .0 0 0
16 .
 .  .Remark 2.6. If we let s s p in 16 , we shall obtain 1 due to Hardy
w x3 ,
p
‘ x ‘1
p pf t dt dx F q f t dt. 17 .  .  .H H Hx0 0 0
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